In this paper, we study continuum-wise expansive non-autonomous discrete dynamical systems. We discuss various properties of such non-autonomous systems. We further obtain results for cw-expansive non-autonomous systems with shadowing property and obtain an important equivalence. It is also proved that a cw-expansive non-autonomous system with shadowing property is topologically stable.
Introduction
Dynamical systems is a branch of mathematics dealing with the analysis of systems controlled by a consistent set of rules over time, thus helping in studying the long term behaviour of various natural and physical processes. It is a very useful and applicable branch of mathematics, built mainly on the pillars of analysis. The significant contributions of Poincaré and Lyapunov led to a lot of significant research in this area and in the recent years this theory has seen remarkable developments. Owing to its useful applications in various areas of mathematics, theoretical studies in this field have gained the interest of researchers worldwide [4, 21, 24, 25] .
An autonomous system is independent of external factors and modulations, thus evolving according to a fixed and stable set of rules. However, most of the real world problems like the pattern of heartbeats, population growth of species, climatic conditions, spread of infectious diseases vary over time and are exposed to time-variant external forces. The modelling of such real world scenarios and natural phenomena which are time variant and cannot be approximated with precision by autonomous systems leads to the theory of nonautonomous discrete systems. Thus, the mathematical theory of non-autonomous systems is more complex than that of autonomous systems. The theory of non-autonomous, which was introduced by authors in [10] , has evolved into an extremely crucial field related to, yet substantially different from that of classical autonomous discrete systems in the recent years [22, 28, 8, 27] . The development was driven by the problems in the various areas including population biology, physics and engineering [1, 7, 20] . In a non-autonomous system the governing rule can be modified at every instance of time and such modification provides a greater insight to the problem and hence results in a better approximation of the behaviour of the original system. Let (X, d) denote a metric space and φ n : X → X, n ∈ N denote a continuous map. Consider the following non-autonomous discrete dynamical system (N.D.S) (X, φ 1,∞ ), where x n+1 = φ n (x n ), n ∈ N.
For convenience, we denote (φ n ) ∞ n=1 by φ 1,∞ . Note that, a difference equation of the form x n+1 = φ n (x n ) can be regarded as the discrete analogue of a non-autonomous differential equation dx dt = φ(x, t). In various mathematical areas including applied mathematics, one usually works with a sequence of maps instead of a single map, thus giving rise to a non-autonomous system.
The notion of expansiveness is important in topological dynamics and continuum theory. Expansivity and its generalizations have been studied by various researchers in the recent past [2, 3, 9, 11, 15] . One of the important generalizations of expansiveness is continuum-wise expansiveness. The class of continuum-wise expansive systems is much larger than that of expansive systems. In fact, the class of continuum-wise expansive homeomorphisms contains many important homeomorphisms of continuum which often appear in chaos theory, but which are not expansive. The shift maps of Knaster's indecomposable chainable continua, for example, are continuum-wise expansive homeomorphisms, but they are not expansive [9] . In [26] , we have defined cw-expansiveness for non-autonomous discrete dynamical systems to study the relation among various generalizations of expansiveness. In this paper, we study continuum-wise expansiveness for non-autonomous discrete systems. Another important property in the computation of dynamical systems is the concept of shadowing [12] . For a map φ, a δ-pseudo orbit is a sequence (finite or infinite) of points such that the distance between φ(x i ) and (x i+1 ) is less than δ. A δ-pseudo orbit is said to be ǫ-traced if there is a real point whose iterates track the pseudo orbit within a distance of ǫ, i.e, the pseudo orbit is uniformly approximated by a genuine orbit. A continuous map on a metric space is said to have shadowing property if every δ-pseudo orbit is ǫ-traced. Shadowing has various applications in numerical analysis [18] . In this paper, we discuss different shadowing properties and their relations in non-autonomous discrete systems. Stability is one of the most important notions in the qualitative study of dynamical systems, and the relationship with it is a basic subject of the theory of shadowing properties. The topological stability introduced by Walters in [29] is a kind of structural stability defined for all homeomorphisms of compact metric spaces. On compact metric spaces, expansiveness and shadowing property play an important role for studying topological stability of maps [29, 30] . In [16] , it has been proved that topological stability is a necessary condition to get Axiom A along with strong transversality.
In [19] , the author has shown that Morse-Smale flows are topologically stable. Hence, the study of topological stability for dynamical systems becomes important. In section 2, we give the preliminaries required for the rest of the sections. In Section 3, we study various properties of continuum-wise (cw)-expansive non-autonomous discrete systems. We prove that a finite product of cw-expansive non-autonomous systems is also cw-expansive. We prove the non-existence of cw-expansive non-autonomous map on an uncountable Lindelöf metric space. We further prove that a cw-expansive non-autonomous system exhibits sensitivity. In section 4, we prove that a cw-expansive systems with shadowing property has periodic shadowing. We further obtain an important equivalence of transitive cw-expansive systems with shadowing property. In Section 5, we prove our main result which states that every cw-expansive system on a compact connected metric space with shadowing property is topologically stable.
Preliminaries
Let N denote the set of natural numbers. For a metric space X with metric d and φ n : X → X, n ∈ N, a sequence of continuous maps, φ 1,∞ = {φ n } ∞ n=1 is said to be to be a non-autonomous system on X. The function
and for any i > j, φ j i is defined to be the identity map. For any k > 0, we consider a non-autonomous system [k
, where each h n is a homeomorphism, its inverse is defined to be (h
For the non-autonomous system (X, φ 1,∞ ), let S δ (φ 1,∞ , x) denote the set {y ∈ X :
Definition 2.1. Let (X, d) be a metric space and φ n : X → X be a sequence of continuous maps for n = 1, 2, . . .. The non-autonomous system (X, φ 1,∞ ) is said to be equicontinuous at the point x 0 ∈ X if for every ǫ > 0, there exists a δ > 0 such that d(φ
The non-autonomous system (X, φ 1,∞ ) is said to be equicontinuous if it is equicontinuous at every point x 0 ∈ X. respectively. If there is a homeomorphism h : X 1 → X 2 such that h • φ n = ψ n • h, for all n = 1, 2, . . ., then φ 1,∞ and ψ 1,∞ are said to be conjugate or h − conjugate.
Also φ 1,∞ and ψ 1,∞ are said to be uniformly conjugate or uniformly h − conjugate, if h : X 1 → X 2 is a uniform homeomorphism.
Definition 2.4. [14] Let (X, φ 1,∞ ) be a non-autonomous system. A point p is said to be a periodic point for (X, φ 1,∞ ) if there exists an n > 0 such that φ nk 1 (p) = p, for any k > 0. Let Per(X, φ 1,∞ ) denote the set of all periodic points of the non-autonomous system (X, φ 1,∞ ).
For any two open sets U and V of X, we denote,
Definition 2.5. The system (X, φ 1,∞ ) is said to be topologically transitive if for any two non-empty open sets U and V in X, there exists a positive integer n ∈ N such that, φ n 1 (U) ∩ V = ∅. Thus, the system (X, φ 1,∞ ) is said to be topologically transitive if for any two non-empty open sets U and V of X, N φ 1,∞ (U, V ) is non-empty. Definition 2.6. The system (X, φ 1,∞ ) is said to have sensitive dependence on initial conditions or sensitivity if there exists a constant δ > 0 such that for any x ∈ X and any neighbourhood U of x, there exists a y ∈ U and a positive integer n such that
Thus, the system (X, φ 1,∞ ) is sensitive in X if there exists a constant δ > 0 such that for any non-empty open set V of X, N φ 1,∞ (V, δ) is non-empty. Definition 2.7. A compact, connected, 1-dimensional polyhedron is called a graph.
Definition 2.9. [13, 23] The system (X, φ 1,∞ ) is said to have shadowing property if for every ǫ > 0, there exists a δ = δ(ǫ) > 0 such that every δ-pseudo orbit is ǫ−traced by some point of X, i.e. for every δ-pseudo orbit {x 0 ,
Definition 2.10. The system (X, φ 1,∞ ) is said to have finite-shadowing property if for every ǫ > 0, there exists a δ = δ(ǫ) > 0 such that for every finite δ-pseudo orbit
Definition 2.12.
[17] The autonomous system (X, φ) is said to have the periodic shadowing property if for every ǫ > 0, there exists a δ = δ(ǫ) > 0 such that for every periodic δ-pseudo orbit {x 0 , x 1 , x 2 , . . . . . .} ⊆ X, there is a periodic point y ∈ X which ǫ-traces {x 0 , x 1 , x 2 , . . . . . .}. Definition 2.13.
[6] The autonomous system (X, φ) is said to have the special shadowing property if it has shadowing property and periodic shadowing property.
Definition 2.14.
[6] The autonomous system (X, φ) is said to have local weak specification property if for each ǫ > 0, there is an m ∈ N and a δ > 0 such that if k ∈ N and x 1 , x 2 , . . . , x k ∈ X satisfy d(φ n (x i ), x i+1 ) < δ, with m ≤ n, and x k+1 = x, then there is an
By a continuum we mean a compact, connected and non-degenerate metric space. A subcontinuum is a non-empty subset of a metric space Y which is a continuum with respect to the induced topology. 
Similarly, a homeomorphism g : Y → Y is said to be a continuumwise(cw )-expansive homeomorphism, if there exists a c > 0 such that every non-degenerate subcontinuum C of X satisfies diam(g n (C)) > c for some n ∈ Z.
Definition 2.17. The non-autonomous system (X, φ 1,∞ ) or φ 1,∞ is said to be continuumwise(cw )-expansive if there exists a c > 0 such that every non-degenerate subcontinuum C of X satisfies diam(f n 1 (C)) > c for some n ∈ N.
Similarly, a sequence of homeomorphisms φ n : X → X is said to be continuumwise(cw )-expansive if there exists a c > 0 such that every non-degenerate subcontinuum C of X satisfies diam(f n 1 (C)) > c for some n ∈ Z. Let (X 1 , d 1 ) and (X 2 , d 2 ) be two metric spaces and φ 1,∞ and ψ 1,∞ be a sequence of continuous maps on X 1 and X 2 respectively . The metric d on the product X 1 × X 2 is defined by:
Let (X, d) be a compact metric space and consider the standard bounded metric d 1 defined on X by:
Let (C(X), ρ) be the space of all continuous functions from X → X, where the metric ρ is defined by:
Let S(X) be the collection of all non-autonomous systems on X. Note that S(X) is a countable subset of C(X). The metric ρ 1 on S(X) is defined by:
Definition 2.18. A non-autonomous system φ 1,∞ is said to be topologically stable in S(X) h(x) ), ψ n (x)) < ǫ, for all n > 0 [23] .
The inverse limit space of the sequence
Lemma 2.1. [25] Let (X, f 1,∞ ) be a dynamical system. If (X, f 1,∞ ) has finite-shadowing property, then it has shadowing property.
Properties of cw-expansive systems
In this section, we study various properties of cw-expansive non-autonomous systems. We give necessary and sufficient conditions for a non-autonomous system (X, φ 1,∞ ) to be cwexpansive. We also give an example of a non-autonomous system which is cw-expansive but not expansive. Lemma 3.1. A non-autonomous system (X, φ 1,∞ ) is cw-expansive if and only if there exists c > 0 such that for any x ∈ X, S δ (φ 1,∞ , x) contains no non-degenerate sub-continuum.
Proof. Let (X, φ 1,∞ ) be cw-expansive with cw-expansiveness constant c > 0. Put δ = c/2. If C ⊂ S δ (φ 1,∞ , x) is a non-degenerate sub-continuum, then diam(φ n 1 (C)) ≤ 2δ, for all n ∈ N. But since c = 2δ is constant of cw-expansiveness for (X, φ 1,∞ ), we conclude C is singleton. Therefore, S δ (φ 1,∞ , x) contains no non-degenerate continuum. Conversely, let δ > 0 be such that S δ (φ 1,∞ , x) has no non-degenerate sub-continuum. We will show that δ is a cw-expansiveness constant for (X, φ 1,∞ ). Suppose C ⊂ X is a sub-continuum and diamφ n 1 (C) ≤ δ, for all n ∈ N. Therefore, for any x ∈ C, we have d(φ n 1 (x), φ n 1 (y)) ≤ δ, for all y ∈ C. Thus, y ∈ S δ (φ 1,∞ , x) and hence C ⊂ S δ (φ 1,∞ , x). By hypothesis, we have S δ (φ 1,∞ , x) contains no non-degenerate sub-continuum which implies C is singleton. Proof. Let c > 0 be a cw-expansiveness constant for φ 1,∞ . Since φ 1,∞ is uniformly conjugate to ζ 1,∞ , therefore there exists a uniform homeomorphism h :
, for each n > 0. As h −1 is uniformly continuous, therefore for every c > 0, there is a c ′ > 0 such that for x, y ∈ X 2 ,
) has no non-degenerate continuum and hence by Lemma 3.1, ζ 1,∞ is cwexpansive with cw-expansive constant c ′ > 0. Converse follows by similar arguments.
Corollary 3.1. If a non-autonomous system φ 1,∞ is cw-expansive on a compact metric space X, then so is the non-autonomous system
, where ψ is a self homeomorphism of X. Proof. Let (X, φ 1,∞ ) be cw-expansive with constant of cw-expansiveness c > 0 and C be any non-degenerate sub-continuum of X. We have diam(φ n 1 (C)) > c, for some n ∈ N which implies that diam((φ n 1 ) −1 (C)) > c, for some n ∈ N and hence (X, (φ 1,∞ ) −1 ) is cw-expansive. Conversely if (X, (φ 1,∞ ) −1 ) is cw-expansive, then using the same argument as above, one gets that (X, φ 1,∞ ) be cw-expansive. Theorem 3.3. The non-autonomous system (X, φ 1,∞ ) generated by a family of equicontinuous maps on a compact metric space is cw-expansive if and only if its k − th iterate (X, (φ 1,∞ ) k ) is cw-expansive, where k ∈ N.
Proof. Let (X, φ 1,∞ ) be cw-expansive with constant c > 0. As each φ n , n = 1, 2, . . . , . . . is equicontinuous, therefore , for any t ≥ 0 and j : tk + 1 ≤ j ≤ (m + 1)k; φ j is uniformly continuous on X and thus there exists c j > 0 such that d(x, y) ≤ c j implies that d(φ j tk+1 (x), f j tk+1 (y)) ≤ c and c does not depend on t. Let C be any non-degenerate subcontinuum of X. Take c ′ = min{c j : tk + 1 ≤ j ≤ (t + 1)k}. So for any t ≥ 0 and
, for all n ∈ N, which contradicts the cw-expansiveness of (X, φ 1,∞ ).
Thus, diam(φ n 1 (C)) > c, for some n ∈ N which implies that diam(ψ n 1 (C)) > c, for some n ∈ N and hence (X, (φ 1,∞ ) k ) is cw-expansive. Conversely, let (X, (φ 1,∞ ) k ) be cw-expansive with constant c > 0 and C be any non degenerate sub-continuum of X. Then diam(ψ n 1 (C)) > c, for some n ∈ N, where ψ n = φ nk (n−1)k+1 . Thus, diam(φ nk 1 (C)) > c, for some n ∈ N, which implies that diam(φ i 1 (C)) > c, for some i ∈ N. Therefore, (X, φ 1,∞ ) is cw-expansive.
Using Theorem 3.2 and Theorem 3.3, we get the following Corollary.
Corollary 3.2. The non-autonomous system (X, φ 1,∞ ) on a compact metric space by a family of equicontinuous self-homeomorphisms of X is cw-expansive if and only if
is cw-expansive if and only if both (X 1 , φ 1,∞ ) and (X 2 , ψ 1,∞ ) are cwexpansive, where X 1 and X 2 are metric spaces with metric d 1 and d 2 respectively. Thus, we deduce: Every finite direct product of cw-expansive non-autonomous systems is cwexpansive.
Proof. Choose c = min{c 1 , c 2 }, where c 1 , c 2 are the cw-expansiveness constants for (X 1 , φ 1,∞ ) and (X 2 , ψ 1,∞ ) respectively. Let C 1 × C 2 be a non-degenerate sub-continuum of X 1 × X 2 and assume that diam(φ
, which is a contradiction and hence diam(φ
Theorem 3.5. Let (X, d) be an uncountable Lindelöf metric space and φ n : X → X, n = 1, 2, . . . be a sequence of equicontinuous maps. Then (X, φ 1,∞ ) is not cw-expansive.
Proof. Assume that (X, φ 1,∞ ) is cw-expansive with constant of cw-expansiveness c > 0. Since φ 1,∞ is an equicontinuous system, we can get a c
′ ) and hence countable, which is a contradiction. Thus, (X, φ 1,∞ ) is not cw-expansive. Theorem 3.6. If (X, φ 1,∞ ) is a cw-expansive non-autonomous system without isolated points, then it has sensitive dependence on initial conditions. Proof. Let (X, φ 1,∞ ) be a cw-expansive system with constant of cw-expansiveness e > 0. Put δ = e/2, let x ∈ X and U be an open neighbourhood of x. Choose a nondegenerate sub-continuum C of X such that x ∈ C ⊆ U. By cw-expansiveness of (X, φ 1,∞ ), we can get some k ∈ N such that diamφ k 1 (C) > e. Thus, there exists y ∈ C ⊆ U such that d(φ k 1 (x), φ k 1 (y)) > e/2 and hence (X, φ 1,∞ ) has sensitive dependence on initial conditions. Theorem 3.7. Let G be a graph. Then the non-autonomous system (G, φ 1,∞ ) is cwexpansive if and only if it has sensitive dependence on initial conditions, where φ 1,∞ is a sequence of onto maps.
Proof. If (G, φ 1,∞ ) is cw-expansive, it has sensitive dependence on initial conditions by Theorem 3.6. Conversely, let φ 1,∞ be a sequence of onto maps of a graph G which has sensitive dependence on initial conditions with constant δ > 0. Let C be any non-degenerate subcontinuum of G. Choose an open interval I ′ in C and some x ∈ I ′ . Then there is a y ∈ I ′ and a natural number
Remark 3.1. It is easy to note that every expansive non-autonomous discrete dynamical system (X, φ 1,∞ ) is cw-expansive. However, the converse need not be true. In the next example we construct a cw-expansive non-autonomous system which is not expansive. Let I denote the closed unit interval [0, 1] and let f on I be defined by:
Clearly, f is cw-expansive and hence by [ [9] , Example 3.5] we have that the shift mapf on the inverse limit space lim ←− (I, f ) is also cw-expansive. Consider the non-autonomous map φ 1,∞ on the inverse limit space X = lim ←− (I, f ) defined by:
id, when n is even where id is the identity map on I. Note that for anyx ∈ lim ←− (I, f ) the points in the trajectory ofx under φ 1,∞ are the points in the trajectory ofx underf . Therefore, by cwexpansiveness off , one gets that the non-autonomous system (X, φ 1,∞ ) is cw-expansive. However, the system (X, φ 1,∞ ) is not expansive ( [9] , Example 3.5).
Shadowing and cw-expansiveness
In this section, we study various shadowing properties of a cw-expansive non-autonomous system. We obtain an important equivalence for various shadowing properties and local weak specification property for cw-expansive transitive non-autonomous discrete systems. We now define the concept of periodic shadowing property and special shadowing property for non-autonomous discrete dynamical systems. Definition 4.1. A system (X, φ 1,∞ ) is said to have periodic shadowing property if for each ǫ > 0, there exists δ > 0 such that if {x i } i∈N is a periodic δ-pseudo orbit, then there is an x ∈ Per(X, φ 1,∞ ) which ǫ-shadows {x i } i∈N .
Definition 4.2. A system (X, φ 1,∞ ) is said to have special shadowing property if it has both shadowing property and periodic shadowing property.
Proposition 4.1. Let (X, φ 1,∞ ) be a cw-expansive system with shadowing property. Then (X, φ 1,∞ ) has periodic shadowing.
Proof. Let (X, φ 1,∞ ) be cw-expansive with cw-expansiveness constant c > 0. By shadowing property of (X, φ 1,∞ ), choose 0 < ǫ ≤ c/2; then there exists a δ > 0 such that if {x i } i∈N is a periodic δ-pseudo orbit for φ 1,∞ , then there exists a y ∈ X such that d(φ i 1 (y), x i ) < ǫ, for each i ∈ N. Suppose {x i } i∈N∪{0} is a k-periodic δ-pseudo orbit, then x i+k = x i , for each i ∈ N ∪ {0}. Then we have the following inequality
Continuing in similar way, we get that
and hence we get that d(φ
So, putting i = 0 and by cw-expansiveness we have y = φ k 1 (y) = φ nk 1 (y), n ∈ N. Thus, y is a periodic point for φ 1,∞ implying that (X, φ 1,∞ ) has periodic shadowing.
In the following example, we show that shadowing property need not imply periodic shadowing property in general for non-autonomous systems. Let p and q be relatively prime integers and s = p + q − 1. Consider a shift of finite type X (p,q) ⊂ Ω s consisting of sequences of vertices visited during a bi-infinite walk on the directed graph with two loops: one of length p with vertices labelled {0, . . . , p − 1} and one of length q with vertices labelled {0, p, p + 1, . . . , p + q − 2}. This shift of finite type does not have any periodic point with primary period smaller than min{p, q}. Let (p j ) ∞ j=1 be a strictly increasing sequence of prime numbers. Let X n = X (pn,p n+1 ) for n ∈ N, and σ n be a shift transformation on Ω pn+p n+1 −1 restricted to X n . By (Theorem 5.3, [5] ) the product system φ = σ 1 × σ 2 . . . on X = ∞ i=1 X n has shadowing property but it has no periodic points. Consider the non-autonomous system (X, φ 1,∞ ), where X = ∞ i=1 X n and φ n on X is defined by:
where id is the identity map on X. Clearly, the orbit of any x ∈ X under φ 1,∞ has same set of points as the orbit of x under φ. Therefore, the non-autonomous system (X, φ 1,∞ ) has shadowing property but it does not have periodic shadowing property as there are no periodic points. We next define the concept of local-weak specification for non-autonomous discrete dynamical systems. Definition 4.3. The non-autonomous system (X, φ 1,∞ ) is said to have local weak specification property if for each ǫ > 0, there is an m ∈ N and a δ > 0 such that if k ∈ N and
Theorem 4.1. The non-autonomous system (X, φ 1,∞ ) has local weak specification property if and only if it has the shadowing property.
Proof. It can be easily verified that the shadowing property implies local weak specification. Conversely, assume that (X, φ 1,∞ ) has the local weak specification. Let ǫ > 0 be given and choose m ∈ N from the definition of local weak specification property. Choose delta, ǫ/2 > δ > 0 as in the definition of local weak specification, for ǫ/2. Let s > 0 be such that ms < δ. Pick
1 (y)) < s, for all 0 ≤ i ≤ m and {x i } i∈N be a δ-pseudo orbit for φ 1,∞ . Define a sequence y i = x mi , for i ∈ N, so we get that
Therefore, we get that the δ-pseudo orbit {x i } i∈N is ǫ-traced by x. As the δ-pseudo orbit {x i } i∈N was chosen arbitrarily, we get that (X, φ 1,∞ ) has shadowing property. Theorem 4.2. A transitive non-autonomous system (X, φ 1,∞ ) on a compact metric space, generated by a family of homeomorphisms, with periodic shadowing has shadowing property.
Proof. By Lemma 2.1 , it suffices to show that (X, φ 1,∞ ) has finite shadowing. Let ǫ > 0 be given and choose δ > 0 corresponding to ǫ/2 as in the definition of periodic shadowing. If {x i } n i=0 is a finite δ-pseudo orbit for (X, φ 1,∞ ), then by transitivity of φ 1,∞ , there is a k ∈ N such that φ k 1 (B d (φ n (x n ), δ)) ∩ B d (x 0 , δ) is non-empty so let u ∈ B d (φ n (x n ), δ) ∩ (φ
Define {z i } i∈N as z i = x i , for 0 ≤ i ≤ n, z i = u, for i = n + 1 and z i = φ i−1 n+1 (u), for n + 1 ≤ i ≤ k − 1 and with period n + k. Then {z i } i∈N is a periodic δ-pseudo orbit for (X, φ 1,∞ ) and by periodic shadowing there exists a z ∈ Per(X, φ 1,∞ ) such that d(φ i 1 (z), z i ) < δ, for each i ∈ Z. Therefore, d(φ i 1 (z), x i ) = d(φ i 1 (z), z i ) < δ and hence we get that (X, φ 1,∞ ) has finite shadowing.
Remark 4.1. One can note that the irrational rotation on the unit circle S 1 is transitive but not cw-expansive whereas on the subspace X = { , n ∈ N} of [0, 1], the map defined by g(x) = x, when x ∈ {0, 1} and g(x) = x + , otherwise; where x + is the element on the immediate right of x is cw-expansive being expansive but not transitive. Thus, cw-expansiveness and transitivity are independent notions. Lemma 5.2. Let (X, φ 1,∞ ) be a cw-expansive non-autonomous system with constant of cw-expansiveness c > 0. For ǫ < c/2, there is a unique x ∈ X which ǫ-shadows a given δ-pseudo orbit.
Proof. Let {y n } be a given δ-pseudo orbit of (X, φ 1,∞ ) and suppose that there exist two distinct points x 1 and x 2 which ǫ-shadow {y n }. Thus, we have d(φ x 2 ) , y i ) < 2ǫ < c, for each i ∈ N. Therefore, x 2 ∈ S c (φ 1,∞ , x 1 ) and hence by continuum-expansiveness of (X, φ 1,∞ ), we get that x 1 = x 2 .
Theorem 5.1. Let (X, d) be a compact connected metric space and φ 1,∞ be a nonautonomous system generated by homeomorphisms. If (X, φ 1,∞ ) is cw-expansive and has shadowing, then it is topologically stable in S(X).
Proof. Let (X, φ 1,∞ ) be a cw-expansive non-autonomous system with constant of cwexpansiveness c > 0 and choose 0 < ǫ < c/2. Since (X, φ 1,∞ ) has shadowing property, there exists δ, 0 < δ < min {c/2, 1} such that every δ-pseudo orbit is ǫ-traced. Let (X, ψ 1,∞ ) be another non-autonomous system such that ρ 1 (φ 1,∞ , ψ 1,∞ ) < δ. Since δ < 1, d(φ n (x), ψ n (x)) < δ, for each x ∈ X. Let x ∈ X, then d(φ n+1 (ψ
